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Relations between particle and wave properties for charge carriers in periodic potentials of crys-
talline metals and semiconductors are derived. The particle aspects of electrons and holes in periodic
potentials are considered using properties of quasimomentum (QM), while the wave aspects are de-
scribed employing wave packets of Bloch waves. The two aspects are combined in the derivation
of QM-wavelength relations for energy bands of arbitrary nonparabolicity and nonsphericity. An
effective mass relating electron QM to its average velocity for spherical energy bands is defined and
used to calculate energy dependences of wavelengths for electrons in narrow gap semiconductors,
graphene and surface states of topological insulators. An uncertainty relation between electron
quasimomentum and its spatial coordinate in periodic potentials is derived. It is emphasized that
the described properties apply to the average (not instantaneous) electron behavior. Analogies be-
tween the wave and uncertainty properties of electrons in crystalline solids and those in vacuum are
traced.
PACS numbers:
I. INTRODUCTION
Our work is concerned with the wave properties of elec-
trons moving in periodic potentials of crystal lattices. De
Broglie [1] showed that a free quantum particle in vac-
uum has wave properties having the wavelength λ = h/p,
where p is particle’s momentum. We want to derive a cor-
responding formula for an electron in a crystalline solid.
In our understanding such a derivation does not exist.
Still, one uses for solid-state electrons or holes a rela-
tion similar to that derived by de Broglie based on the
following implicit reasoning. For an electron in a peri-
odic potential, solutions of the Schrodinger equation are
given by the Bloch functions Ψ = exp(ik · r)uk(r), where
uk(r) are amplitudes having the periodicity of the po-
tential. The quantity k is called the wave vector and it
is usually stated that h¯k corresponds to electron’s quasi-
momentum. On the other hand, since by its name the
wave vector should be k = 2pi/λ, one quickly obtains the
desired relation similar to that of de Broglie.
The above reasoning, however, raises several objec-
tions. First, the quantity k in the Bloch function is a
priori only a label or quantum number to designate the
eigenfunctions of translations, so its relation to electron’s
quasimomentum is not obvious. Second, it is the name of
the wave vector alone (sometimes called the wave num-
ber) which suggests its relation to the wavelength λ. This
relation is to be derived. Third, the periodic amplitude
uk(r) (resulting from the presence of periodic potential)
affects the total r-dependence of the Bloch function, so
the latter involves in general more than one value of k.
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Finally, an electron moving in a periodic potential ex-
periences a Zitterbewegung (trembling motion) [2, 3, 4],
while the above reasoning ignores this effect. One can
rephrase the last point by observing that the instanta-
neous velocity, related to the standard momentum p, is
not a constant of the motion. These objections have mo-
tivated us to a more rigorous consideration of the wave
properties related to charge carriers in crystalline solids.
This problem is closely related to the uncertainty princi-
ple and we treat the latter as well.
In order to describe the wave behavior of a particle
one needs to consider separately its particle and wave
aspects, and then to combine the two. In his historic
work, de Broglie used the invariance of a wave’s phase in
special relativity (see also ref. [5]). Treating the prob-
lem for crystalline solids one cannot use this procedure
because electron velocities in metals or semiconductors
are nonrelativistic. On the other hand, such a derivation
should be valid for an energy band of arbitrary energy-
momentum dispersion. Bohm [6] proposed for particles in
vacuum an approach alternative to that of de Broglie, not
based on special relativity. A similar but somewhat more
general reasoning was given by Messiah [7]. Considering
the particle aspect, we treat in some detail the notion
of quasimomentum (also called in the literature pseudo-
momentum or crystal momentum). In order to avoid the
often-used but misleading associations mentioned above,
we do not use the letter k and related names ”wavevec-
tor” or ”wavenumber”. In order to keep the main deriva-
tion compact, we do not derive known auxiliary results,
but write them down and quote appropriate references.
The paper is organized as follows. In section II A we
describe particle aspects of electrons in periodic poten-
tials. In section II B we follow with the wave aspects,
combine the two and obtain final results. In section III
we treat the uncertainty principle. Section IV contains
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2the discussion, the paper is concluded by the summary.
In Appendix we present a somewhat different version of
the wave aspect and final reasoning.
II. WAVE PROPERTIES OF ELECTRONS IN
PERIODIC POTENTIALS
In this section we derive an analog of the de Broglie
relation for electrons in periodic potentials . Our consid-
erations are divided into the particle aspect and the wave
aspect of the problem.
A. Particle aspect
The Schrodinger equation for an electron in a periodic
potential V (r) of the lattice is
HˆΨn = EnΨn , (1)
with the Hamiltonian
Hˆ =
p2
2m0
+ V (r) , (2)
where n is the band index and m0 is the free electron
mass. The solutions of Eqs. (1) and (2 ) are given by the
Bloch functions (n is omitted)
ΨP(r) = e
iP·r/h¯uP(r) . (3)
Because of the translation symmetry of the Hamilto-
nian there must exist a physical quantity that is con-
served during the electron motion corresponding to this
symmetry. One names this quantity quasimomentum
(QM) and we denote it as P. Its meaning and prop-
erties are to be determined. Since QM is supposed to
be a constant of the motion, its operator must commute
with the Hamiltonian
Pˆ Hˆ − HˆPˆ = 0 , (4)
and the Bloch functions are also the eigenfunctions of Pˆ
PˆΨP(r) = PΨP(r) . (5)
We look for the operator Pˆ in the form [8, 9]
Pˆ = −ih¯∇r + ih¯γ(r) , (6)
where γ(r) is a function having the periodicity of the
lattice. Equation (5), accounting for Eq. (3), gives
PˆΨP = −ih¯ i
h¯
PΨP + e
iP·r/h¯(−ih¯∇uP + ih¯γΨP) =
= PˆΨP + ih¯(γ −∇ ln |uP|)ΨP = PΨP , (7)
provided that γ = ∇ ln |uP|. In consequence, the quasi-
momentum operator is (the band index n is restored)
Pˆn(r) = −ih¯∇+ ih¯[∇ ln |unP(r)|] . (8)
The square parenthesis indicates that ∇ acts only on the
subsequent expression. In contrast to the standard mo-
mentum, the QM operator Pˆn is different for different
bands. Since the energy and QM can be measured si-
multaneously, one can plot En(P) which express the band
dispersions.
Next we consider electron velocity in a band. An in-
stantaneous electron velocity vˆ = pˆ/m0 is not a constant
of the motion in the presence of a periodic potential (or
any electric potential). On the other hand, the average
velocity in a band
vn(P) =< ΨnP| pˆ
m0
|ΨnP > . (9)
is a constant of the motion. This average velocity can be
expressed by the well known formula [9, 10, 11, 12, 13,
14] (n is suppressed)
v(P) =∇PE . (10)
The above formula, which is valid for bands of any dis-
persions and nonsphericities, is all we need to proceed
with the further derivation. However, we develop some-
what further the particle aspect for a more restricted case
of electrons in spherical energy bands, as it is useful in
applying final relations to specific examples and in com-
parisons with vacuum.
We define an electron effective mass relating the aver-
age velocity to quasimomentum
mˆ∗v = P . (11)
where mˆ∗ is in principle a 3 x 3 tensor. We empha-
size that, for a band of nonquadratic dispersion, the
above ”velocity mass” is not the same as the ”acceler-
ation mass” relating acceleration to force, as commonly
introduced in textbooks. By using Eq. (10) one calcu-
lates for a spherical band
vi =
∂E
∂Pi
=
dE
dP
∂P
∂Pi
=
dE
dP
Pi
P
=
dE
dP
1
P
δijPj , (12)
where the last term uses the sum convention for the re-
peated coordinate subscript. Using the definition (11),
the inverse mass tensor is
vi =
(
1
m∗
)
ij
Pj . (13)
By employing Eq. (12) one obtains(
1
m∗
)
ij
=
dE
dP
1
P
δij , (14)
3which shows that the inverse mass tensor is a scalar for
a spherical band
1
m∗
=
1
P
dE
dP
. (15)
Consequently, the average velocity is, see Eq. (11),
v =
P
m∗
, (16)
which is valid also for the absolute values
v =
P
m∗
. (17)
Finally, combining Eqs. (9) and (16) we obtain
p
m0
=
P
m∗
, (18)
where p is the average value of canonical momentum in a
given Bloch state and P is the value of quasimomentum
in the same state. Since usually there is m∗ << m0, it
follows that p is much larger than P.
B. Wave aspect. de Broglie-type relations
To complete the derivation one needs to consider the
wave aspect of electrons in a periodic potential. The im-
portant step is to show that the average electron velocity
in a crystal, as considered above, is equal to the group ve-
locity of a wave packet constructed from the Bloch waves.
The question of this equality is controversial [12], [15],
so we consider it in some detail. On the other hand,
this point is essential since it introduces the wavelength
appearing in the de Broglie-type relations. Also, the
construction of the packet is necessary because a single
Bloch wave does not represent a point-like moving elec-
tron, while maximum of a packet can be associated with
a moving particle.
We present two versions of the wave aspect and deriva-
tion of final results. The two versions are similar but not
identical. We give preference to the one given directly be-
low because it is more adapted to crystalline solids. The
other version, closer to those of Bohm [6] and Messiah
[7] for vacuum, is given in the Appendix. Final results of
the two versions are the same.
In order to avoid writing the Planck constant too often
we introduce the notation P/h¯ = β. A packet of Bloch
monochromatic waves belonging to one band is given by
the integral
Φ(r, t) =
∫ β0+∆β
β0−∆β
f(β − β0)ei(β·r−ωt)uβ(r)dβxdβydβz ,
(19)
where f(β) is the weight of Bloch waves contributing to
the packet. The value β0 determines the central wave-
length of the group and ∆β = β − β0 is supposed to be
small. The frequency ω depends in general on β. We
want to take the periodic amplitude uβ out of the inte-
gral sign and the question arises when it may be done. It
is clear that the desired procedure gains on validity when
∆β is small since then uβ changes only slightly.
To get a more precise evaluation we recall that, because
of the periodicity of uβ(r), the latter can be developed
into the Fourier series of plain waves
uβ(r) =
∑
ν
cν(β) exp(ibν · r) , (20)
where cν(β) are coefficients and bν are reciprocal lattice
vectors, see [10, 11, 12, 16, 17, 18]. The index ν takes
negative and positive integer values including zero. For
weak periodic potentials the coefficients cν can be cal-
culated explicitly and it turns out that they decrease as
functions of growing ν [11, 12, 16, 17, 18, 19]. For this
case there is c0 ≈ 1 since, as the potential goes to zero,
the Bloch wave should reduce to the plain wave. Let us
write the Bloch wave using Eq. (20) and including only
ν = −1, 0,+1.
eiβ·ruβ(r) ≈ eiβ·r(c−1eib−1·r + c0 + c1eib1·r) . (21)
One can now see explicitly that, for the above approxi-
mation, one has three effective β values involved in the
packet. The additional two values come from the pres-
ence of the periodic Bloch amplitude. Considering for
simplicity only one direction x and taking b±1 = ±2pi/a,
where a is the lattice period, one has on both sides of the
central value β0 two additional values β0 ± 2pi/a. Go-
ing back to the integral (19) it is clear that, if the weight
function is symmetric around β0 and ∆β is narrower than
2pi/a, the side terms in Eq. (21) are excluded and only
the middle term with c0 remains. The above procedure
can be easily generalized to three dimensions. Thus, for
weak periodic potentials, uβ(r) can be legitimately taken
out of the integral sign. For strong periodic potentials,
however, while the Fourier expansion of Eq. (20) is still
valid, the coefficient c0 will in general depend on β, so
taking uβ out of the integral becomes approximate.
With this reservation in mind, once uβ is taken out of
the integral sign, the resulting wave packet is
Φ(r, t) = c0
∫ β0+∆β
β0−∆β
f(β − β0)ei(β·r−ωt)dβxdβydβz .
(22)
This is a standard wave packet of monochromatic plain
waves, so the group velocity of its maximum is given by
the well-known formula
vg =∇βω =∇PE , (23)
if we write E = h¯ω. Comparing Eq. (23) with Eq. (10)
it is seen that, in the above approximation, the group
velocity of the packet is equal to the average electron
velocity, i.e.
v =∇PE = vg , (24)
4where the gradient should be taken at P = P0. On the
other hand, in the plane waves appearing in Eq. (22)
there is βi = 2pi/λi, where λi are wavelengths. Conse-
quently
Pi =
h
λi
or λi =
h
Pi
. (25)
The above equations are our final results. They resem-
ble the classic de Broglie relations between particle and
wave characteristics for vacuum, the important difference
being that the vector of canonical momentum p for vac-
uum is replaced by the vector of electron quasimomentum
P for periodic potentials. The results (25) have been ob-
tained for arbitrary energy bands, both nonparabolic and
nonspherical. The wavelengths λi are those of maxima
of the wave packet associated with the electron.
It is seen that the relations (25) have vector forms,
similarly to vacuum. For vacuum one usually writes λ =
h/p with the use of absolute values. This can be done
because in vacuum one can choose the coordinate system
in such a way that only one component of the momentum
is nonzero. In a crystal this cannot be done so easily
since a three-dimensional periodic potential of the lattice
is fixed in space , so that a moving electron has in general
three different QM components Pi. However, according
to the first Eq. (25), vectors Pi and h/λi have equal
components, so their absolute values and directions are
the same. This gives for the absolute values
P =
h
λ
or λ =
h
P
, (26)
where
1
λ
=
[(
1
λx
)2
+
(
1
λy
)2
+
(
1
λz
)2]1/2
, (27)
is the ”effective” wavelength given by the three compo-
nents. Thus, we obtain a similar relation between λ and
P as for vacuum between λ and p. If the motion is in one
direction only, one deals with the simple absolute values
λ and P .
In conclusion it should be mentioned that, in the above
procedure, we have assumed the quantum relation be-
tween the frequency and energy. We come back to this
point in the discussion.
III. APPLICATIONS
Here we apply the derived relations to standard and
less standard energy bands. For the standard parabolic
and spherical band there is E = P 2/2m∗0, where E is the
electron energy counted from the band edge and m∗0 is
the effective mass at the band edge. In consequence
λ =
h
(2m∗0E)1/2
. (28)
0 . 0 1 0 . 1 1 1 0 1 0 0
0 . 0 1
0 . 1
1
1 0
1 0 0
λ 
(µm
)
ε  ( e V )
G R
S n T e
I n S b
G a A s
FIG. 1: Wavelength λ versus electron energy E calculated
using the two-band model of Eq. (32) for four materials. The
velocity u = 1×108 cm/s for InSb (Eg = 0.23 eV), GaAs (Eg =
1.5 eV), GR (Eg = 0), and u = 4.4× 107 cm/s for topological
surface states of SnTe (Eg =0), see Ref. [23].
In the presence of a slowly varying external potential
U(r) there is
λ =
h
[2m∗0(E − U)]1/2
. (29)
The above expressions have their correspondence for elec-
trons in vacuum with the effective mass replaced by the
free electron mass.
For a spherical band of arbitrary dispersion E(P ) one
has, see Eq. (16),
λ =
h
m∗v
, (30)
where v is the average electron velocity and m∗(E) is
the energy-dependent velocity mass. Formula (30) is in
analogy to that for vacuum, see discussion.
Next we consider more specifically spherical but non-
parabolic energy bands of narrow-gap semiconductors. In
narrow-gap III-V and II-VI compounds the relation E(P)
is described by the so called two-band model (2BM), see
[20, 21],
E(Eg + E) = u2P 2 , (31)
where Eg is the energy gap and u = (Eg/2m∗0)1/2 = 108
cm/s is the characteristic velocity having very similar
value for various materials. For energies near the band
edge, the bands described by 2BM are parabolic, while
for higher energies they become linear [21]. It follows
from Eq. (31)
λ =
hu
[E(Eg + E)]1/2 . (32)
5For low energies E << Eg one obtains
λ =
hu
(EEg)1/2 , (33)
which is equivalent to Eq. (28). On the other hand, for
high energies E >> Eg we get
λ =
hu
E , (34)
The two-band model of Eq. (31) describes correctly
also the zero-gap situation Eg=0. One then obtains
E = uP . This is the case of Hg0.835Cd0.165Te in three
dimensions and of graphene in two dimensions [21, 22].
In these two cases formula (34) applies. Remarkably, also
for graphene the velocity u has almost exactly the value
given above, although the symmetry of this material is
different from those of III-V and II-VI compounds. In ad-
dition, one can describe linear dispersions of the surface
states in topological insulators by E = uP and use Eq.
(34), but the velocity u (often called the Fermi velocity)
should be adjusted for each material.
IV. UNCERTAINTY PRINCIPLE
The uncertainty principle for particle momentum and
its spatial coordinate in vacuum is usually derived us-
ing wave packets or, more rigorously, noncommutativity
properties of the corresponding operators, see e.g. [24,
25]. We give the wave aspect of the corresponding deriva-
tion for crystalline solids and then quote the rigorous re-
sult.
We begin with Eq. (22) describing an electron by the
wave packet of monochromatic Bloch waves in which the
periodic amplitude is taken approximately out of the in-
tegral sign and replaced by a constant. The electron mo-
tion is assumed to be along the x direction. As above, we
use the notation β = P/h¯ and write β = β0 + ∆β where
∆β = β−β0 is assumed to be small. In consequence, the
frequency ω can be developed
ω = ω0 +
dω
dβ
(β − β0) = ω0 + vg∆β , (35)
where vg is the group velocity and the frequency ω0 corre-
sponds to β0. The weight f(β) is usually a slowly varying
function of β (in the narrow range of ∆β it can even be a
constant). In this case one can assume f(β) ≈ f(β0) and
take it out of the integral sign. Introducing a new vari-
able of integration ξ = ∆β and incorporating the above
relations one obtains the integral in the form
Φ(x, t) = c0f(β0)e
i(β0x−ω0t)
∫ +∆β
−∆β
ei(x−vgt)ξdξ . (36)
This can be integrated to give
Φ(x, t) = 2c0f(β0)
sin[(x− vgt)∆β]
x− vgt e
i(β0x−ω0t) =
= g(x, t)ei(β0x−ω0t) . (37)
Because ∆β is supposed to be small, g(x, t) changes
slowly as a function of x and t, so that it can be con-
sidered as an amplitude of a monochromatic wave and
β0x− ω0t as its phase. Let us consider t = 0. For x = 0
the amplitude is at its maximum. A spatial extension ∆x
of the wave packet Φ(x, 0) can be taken to be a double
distance x1 between the maximum and its first zero at
x1∆β = pi. This gives the estimation ∆β∆x = 2pi and
finally
∆Px∆x ≈ 2pih¯ . (38)
A rigorous result for the uncertainty relation can be
obtained by considering the noncommutativity of xˆ and
Pˆx operators. The commutator [xˆ, Pˆx] = ih¯ has the same
value as the commutator of xˆ and pˆx, see Eq. (8). In
consequence, the uncertainty inequality is also the same.
Thus we have
∆Px∆x ≥ h¯/2 . (39)
This result is analogous to the well-known Heisenberg
inequality for particles in vacuum with the quasimomen-
tum Px replacing the canonical momentum px.
V. DISCUSSION
As mentioned in the introduction, the de Broglie-
type relations between particle and wave characteristics
have been taken for granted without much derivation for
charge carriers in periodic potentials of crystal lattices.
The relations derived above confirm the common belief.
We also enumerated objections to the simple reasoning
leading to this belief. Our considerations deal explic-
itly or implicitly with these objections. And so, in the
particle aspect it is shown that the quantum number ap-
pearing in the Bloch function is the quasimomentum P
representing a constant of the motion related to the pe-
riodicity of the potential. This point is related to the
phenomenon of the trembling motion (Zitterbewegung,
ZB) present during the electron propagation through the
periodic potential, see [2, 4]. The trembling is a con-
sequence of the fact that the canonical momentum p is
not a constant of the motion in the presence of a pe-
riodic potential. Thus the derived de Broglie-type rela-
tion in solids, involving quasimomentum P, is constant in
time and valid on average. Simultaneously, there exists
another (standard) de Broglie relation, related to mo-
mentum p, being valid instantaneously. In the presence
of ZB, when the electron velocity trembles in time, so
trembles the corresponding wavelength.
We further showed under what restrictions one may
neglect other wavelengths related to the presence of the
periodic Bloch amplitude. This question remains some-
what ambiguous because one cannot control the width of
6a wave packet representing the solid-state electron. Gen-
erally speaking, the particle aspect of electron can be de-
scribed rigorously, while the wave aspect, as described by
a packet, has an approximate character. The way to deal
with a packet of Bloch waves is to reduce it to a packet of
plain waves. This can be done to a good approximation
for weak periodic potentials, while for stronger potentials
the required approximation becomes progressively worse.
An important step in the derivation is to assume
the quantum relation between the frequency of the
monochromatic Bloch waves and the electron energy
h¯ω = E . In his original derivation, de Broglie used spe-
cial relativity and required an invariance of the wave’s
phase in two coordinate systems to obtain both relations:
h¯ω = E and λ = h/p, see Wichmann [5]. The problem
with electrons in solids is that one cannot use relativity
because, on the one hand, electron velocities are nonrela-
tivistic and, on the other, one looks for a derivation valid
for arbitrary band dispersion and nonsphericity, i.e. for
situations considerably more general than occur in vac-
uum. However, the quantum Ansatz used above should
not be considered doubtful since in solids one deals in
the vast majority of cases with the domain of quantum
physics.
The derived wave properties of electrons in solids re-
semble the corresponding de Broglie relations for vac-
uum, if the canonical momentum p is replaced by the
quasimomentum P. It is well known that P often (but
not always!) plays for solids the role that p plays for
vacuum. One can push this analogy further by observ-
ing that the two-band model for narrow gap semiconduc-
tors, introduced in Eq. (31), is in close analogy to spe-
cial relativity with the correspondence: Eg → 2m0c2 and
m∗0 → m0, see [21]. It is then not surprising that using
this model to describe applications of the de Broglie-type
relations to NGS, one obtains formulas in close analogy
to vacuum. And so Eqs. (32), (33), (34) are identical
with those for vacuum, if the above correspondence is
used, see [26]. Formula (30), relating the wavelength to
the energy-dependent effective mass and average veloc-
ity, deserves a comment since the analogous relativistic
formula for vacuum was a subject of some controversy.
Namely, it was disputed whether the mass entering this
formula should be the rest particle mass or the velocity
(or energy) dependent mass. It was indicated that the
second formulation was correct, see [27]. This is again
similar to Eq. (30) which contains the energy dependent
effective electron mass.
Concerning the uncertainly principle, it was explicitly
demonstrated for a superlattice of finite length that the
resulting uncertainty is ∆x∆Px ≈ 4pih¯, see [28]. We em-
phasize that, in the derivation of the uncertainty princi-
ple for solids it was useful to employ a packet of Bloch
waves in order to show that it is again the quasimo-
mentum P that is involved in the analog of the well
known Heisenberg principle for vacuum. This procedure
is subject to the approximations mentioned above. For-
tunately, there exists the exact and well known derivation
of the corresponding inequality (not quoted above) with
the result given in Eq. (39). However, the exact calcula-
tion does not allow one to decide a priori whether it is
px or Px that enters the inequality for solids, since the
noncommutativity of xˆ and Pˆx is the same as that of xˆ
and pˆx.
VI. SUMMARY
De Broglie-type relations between particle and wave
characteristics of electrons in periodic potentials of crys-
talline solids are derived. We clarify objections arising
when one tries to use automatically intuitive relations ex-
isting in the literature. Approximations involved in the
derivation are noted. The obtained relations are valid for
energy bands of arbitrary nonsphericity and nonparabol-
icity in the quasimomentum space and they are applied to
spherical bands of narrow gap semiconductors, graphene
and surface states of topological insulators. The uncer-
tainty principle is also considered for electrons in periodic
potentials. One can summarize our practical results with
the statement that the relations for periodic potentials
correspond to those in vacuum in which the canonical
momentum p is replaced by the quasimomentum P.
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Appendix
Here we briefly present an alternative version of the
wave aspect necessary for the derivation of the de Broglie-
type relations. As compared to the version given above
in section II B, the main difference is that we describe
the Bloch waves introducing a new vector q, whose re-
lation to the quasimomentum is in principle unknown.
(The vector q should not be confused with the vector β
introduced above, which only served to simplify the nota-
tion.) This alternative procedure requires a modification
of the final reasoning. The version below is closer to the
nonrelativistic derivations for vacuum, see [6, 7]. Final
results of the two versions are the same.
The packet of monochromatic Bloch waves is now, c.f.
Eq. (19)
Φ(r, t) =
∫ q0+∆q
q0−∆q
f(q− q0)ei(q·r−ωt)uq(r)dqxdqydqz ,
(A.1)
where, as previously, f(q) is the weight of waves with
different q contributing to the packet and ω depends in
general on q. The periodic Bloch amplitude can again
7be developed into the Fourier series of plain waves, see
Eq. (20),
uq(r) =
∑
ν
cν(q) exp(ibν · r) . (A.2)
Putting the above expression into Eq. (A1) one can
reason as before that, for weak periodic potentials and
the weight function symmetric around q0 and ∆q smaller
than 2pi/a (for one dimension) , one can take the am-
plitude uq out of the integral sign. This transforms the
integral (A1) into a packet of plain waves
Φ(r, t) = c0
∫ q0+∆q
q0−∆q
f(q− q0)ei(q·r−ωt)dqxdqydqz .
(A.3)
Writing h¯ω = E , the group velocity of the packet is
given by the formula
vg =∇qω =∇h¯qE . (A.4)
Comparing this with Eq. (10) one has v = vg and
P = h¯q , (A.5)
to within a constant vector, which one chooses equal to
zero because of symmetry reasons, see [7]. On the other
hand, for the plane waves in Eq. (A3) there is
qi =
2pi
λi
, (A.6)
so that
Pi =
h
λi
or λi =
h
Pi
, (A.7)
which is the final result identical with Eq. (25). As
before, for strong periodic potentials the coefficient c0 in
Eq. (A.3) depends in general on q, so taking it out of
the integral becomes approximate.
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